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Recent experiments on quantum criticality in the Ge-substituted heavy-electron material
YbRh2Si2 under magnetic field have revealed a possible non-Fermi liquid (NFL) strange metal
(SM) state over a finite range of fields at low temperatures, which still remains a puzzle. In the
SM region, the zero-field antiferromagnetism is suppressed. Above a critical field, it gives way
to a heavy Fermi liquid with Kondo correlation. The T (temperature)-linear resistivity and the
T -logarithmic followed by a power-law singularity in the specific heat coefficient at low T , salient
NFL behaviours in the SM region, are un-explained. We offer a mechanism to address these open
issues theoretically based on the competition between a quasi-2d fluctuating short-ranged resonant-
valence-bonds (RVB) spin-liquid and the Kondo correlation near criticality. Via a field-theoretical
renormalization group analysis on an effective field theory beyond a large-N approach to an anti-
ferromagnetic Kondo-Heisenberg model, we identify the critical point, and explain remarkably well
both the crossovers and the SM behaviour.
Introduction. Magnetic field tuned quantum phase
transitions (QPTs)[1] in heavy-fermion metals of both
pure and Ge-substituted YbRh2Si2 (YRS) compounds
[2–6] are of great interest both theoretically and exper-
imentally. Near a quantum critical point (QCP), these
systems show exotic non-Fermi liquid (NFL) electronic
properties at finite temperatures, including a T -linear re-
sistivity [3, 5, 7] and power law-in-T at low T followed
by a T -logarithmic specific heat coefficient at higher T
[3], which still remain as outstanding open issues [8, 11–
14, 16–19].
For the QPT in pure YRS, the “Kondo breakdown”
scenario [8] offers a general understanding: competition
between the Kondo and antiferromagnetic RKKY cou-
plings leads to a QCP, separating the antiferromagnetic
metallic state from the paramagnetic Landau Fermi-
liquid state (LFL) with enhanced Kondo correlation.
There, a magnetic phase transition and the emergence
(or the breakdown) of the Kondo effect occur simulta-
neously and in the ground state the system undergoes a
jump from a small to a large Fermi surface [9, 10]. The
understanding of the NFL properties near the QCP still
remains an outstanding open issue though certain aspects
have been addressed [8, 11–19].
Recent experiments on Ge-substituted YRS, however,
reveals intriguing distinct features. First, the magnetic
phase transition at g′c occurs at a lower field than the
Kondo destruction at gc, leading to a decoupling of the
AFM and the LFL phases (see Fig. 1(a)) [3]. Interest-
ingly, similar NFL behaviour persists over a finite range
in magnetic fields at the lowest temperatures, suggesting
a possible exotic novel stable spin-disordered “strange-
metal” (SM) ground state [5]. Open questions to be ad-
dressed include: Dose this SM behaviours come from the
SM ground state or from a single QCP? What is the role
played by the magnetic field? What mechanism is behind
the Kondo breakdown at the QCP?
A short-ranged resonanting-valence-bond (RVB) spin-
liquid (SL) picture has recently been proposed to de-
scribe the metallic spin-liquid phase of heavy fermion
metal with frustrated antiferromagnetic RKKY coupling
[20]. A generic phase diagram was proposed in Ref. 20
in terms of magnetic frustration and Kondo correlation.
There, a small Kondo coupling at low fields may co-exist
with a small Fermi surface to form a (Kondo stablized)
SL metal [21]. The disorder due to Ge substitution here
makes this proposal more attractive to account for the
SM state. It is of great interest to further explore the
mechanism of this behaviour. In this work, we propose a
mechanism for the Kondo breakdown and the quantum
criticality in Ge-substituted YRS at gc via a fermionic
large-N approach based on the symplectic group Sp(N)
symmetry on a quasi-2d Kondo lattice. The competition
between the Gaussian fluctuating RVB spin-liquid and
the Kondo correlation (see Fig. 1) explains remarkably
well both the transition and the NFL behaviours. The
SM state indicated in experiments can be understood as
quantum critical region near critical Kondo breakdown.
The Large-N Mean-Field Hamiltonian. Our start-
ing point is the fermionic Sp(N) large-N mean-
field Hamiltonian of the Kondo lattice model [14]:
HMFSp(N) = H0 + Hλ + HK + HJ , where H0 =∑
〈i,j〉;σ
[
tijc
†
iσcjσ + h.c.
]
−
∑
iσ µ c
†
iσciσ , Hλ =∑
i,σ λ
[
f †iσfiσ − 2S
]
, HJ =
∑
〈i,j〉 JijS
imp
i · S
imp
j =∑
〈i,j〉;α,β
[
ΦijJ
αβfiαfjβ + h.c.
]
+
∑
〈i,j〉N
|Φij |
2
JH
, HK =
JK
∑
i S
imp
i ·s
c =
∑
i, σ
[(
c†iσfiσ
)
χi + h.c.
]
+
∑
i N
|χi|
2
JK
,
where the antiferromagnetic RKKY interaction HJ is
described by the fermionic Sp(N) spin-singlet with
[Sp(1) ≃ SU(2) for N = 2], J αβ = Jαβ = −J
βα be-
ing the generalization of the SU(2) antisymmetric tensor
2(b)
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FIG. 1: (a) Schematic phase diagram of Ge-substituted YRS [3, 5]. The horizontal axis refers to either the applied magnetic
field B or g = g0 − JΦ/Jχ with JΦ = JH , Jχ = JK . The solid curve T
∗ labels the small-to-large Fermi surface crossover (see
(b)), while TLFL (TFL∗) refers to the crossover scale from quantum critical region to LFL (FL
∗), respectively. gc and g
′
c denote
the quantum critical points for AF-FL∗ and FL∗-LFL transitions, respectively. White dashed arrows refer to the RG flows. (b)
Schematic plot describing the competition between the RVB spin-liquid FL∗ phase and the Kondo LFL phase near gc at zero
temperature. The black heavy lines between two adjacent f -electrons refer to the RVB spin-singlets, while the helical lines
embedded in yellow stand for the Kondo hybridization.
FIG. 2: The schematic RG flow diagram shows the competi-
tion between Jχ and JΦ at fixed uχ = uΦ = 0. The magnetic
field in experiments is proposed to follow the green dashed
line.
ǫαβ = ǫ
αβ = −ǫβα = iσ2 [22–25]. H0 describes hop-
ping of conduction c-electrons, while HK denotes Kondo
interaction. We assume a uniform Jij = JH RKKY
coupling on a lattice with i, j being nearest-neighbour
sites, σ, α, β ∈ {−N2 , · · · ,
N
2 } with N → ∞. Hλ de-
scribes the local impurity fiσ electrons with λ being
the Lagrange multiplier to impose the local constraint
〈
∑
σ f
†
iσfiσ〉 = Nκ where a constant κ ≡ 2S ensures
the fully screened Kondo effect [26, 27]. The mean-field
Kondo hybridization and RVB spin-singlet are defined as
χi ≡ 〈
JK
N
∑
σ f
†
iσcσ〉 and Φij ≡ 〈
JH
N
∑
α,β Jαβf
α†
i f
β†
j 〉,
respectively [28]. Besides the RVB phase, this approach
enables us to describe both the Kondo LFL and the
superconducting phases [29] via Bose-condensing χ-field
and the fermionic Sp(N) singlets, respectively [30]. Ex-
cluding superconductivity here (as it is likely suppressed
by magnetic field), HMFSp(N) on a 2d lattice is shown to
have a fractionalized Fermi-liquid (FL∗) phase [14] with
χi = 0, Φij 6= 0 for JK ≪ JH , and a Kondo-RVB spin-
liquid co-existing heavy-Fermi-liquid (LFL) phase with
χi 6= Φij 6= 0 for JK ∼ O(JH) and a large Fermi sur-
face due to Kondo hybridization [14, 31]. The mean-
field result captures qualitatively the competition be-
tween RVB singlets and the Kondo correlations near crit-
icality (see Fig. 1(b)). However, to account for the NFL
and crossovers, we shall analyze the dynamics and fluctu-
ations beyond mean-field level via a perturbative renor-
malization group (RG) approach.
The Effective Field Theory Beyond Sp(N) Mean-Field.
We consider here the Gaussian (amplitude) fluctuations
around the mean-field order parameters χi and Φij with
dynamics in the FL∗ phase close to the QCP [32, 33].
The effective action Seff for a fixed N = 1 reads:
3Seff = S0 + Sχ + SΦ + SK + SJ + SG + S4,
S0 =
∫
dk
∑
σ=↑↓
c†kσ (−iω + ǫc(k)) ckσ + f
†
kσ
(
−
iω
Γ
+ λ
)
fkσ, Sχ =
∫
dk
∑
σ=↑↓
[
χkf
†
kσckσ + h.c.
]
+
∑
i
∫
dτ |χi|
2/JK ,
SΦ =
∫
dk
∑
αβ
[
Φkǫαβf
α
k f
β
−k + h.c.
]
+
∑
〈i,j〉
∫
dτ |Φij |
2/JH , SK = Jχ
∑
σ=↑↓
∫
dkdk′
[
(c†kσfk′σ)
ˆ˜χ†k+k′ + h.c.
]
,
SJ = JΦ
∑
α,β=↑↓
∫
dkdk′
[
ǫαβ
ˆ˜Φkf
β
k′f
α
k+k′ + h.c.
]
, SG =
∫
dk
[
ˆ˜χ†k (−iω + ǫχ(k) +mχ)
ˆ˜χk +
ˆ˜Φ†k (−iω + ǫΦ(k) +mΦ)
ˆ˜Φk
]
S4 =
uχ
2
∫
dk1dk2dk3 ˆ˜χ
†
k1
ˆ˜χ†k2
ˆ˜χk3 ˆ˜χ−k1−k2−k3 +
uΦ
2
∫
dk1dk2dk3
ˆ˜Φ†k1
ˆ˜Φ†k2
ˆ˜Φk3
ˆ˜Φ−k1−k2−k3 , (1)
with k = (ω,k) and dk = ddkdω and τ the imaginary
time. The actions Sχ (SK) and SΦ (SJ ) represents
the Kondo hybridization and RKKY interaction at
(beyond) the mean-field level, respectively, while SG
(S4) represents the action of the quadratic Gaussian
(quartic) fluctuating fields, respectively. Φk (
ˆ˜Φk) and
χk ( ˆ˜χk) are the Fourier-transformed mean-field variables
(amplitude fluctuating fields above mean-field) Φij
(Φˆij ≡
1
NΣαβf
α†
i f
β†
j ) and χi (χˆi ≡
1
NΣσf
†
iσciσ), re-
spectively. ǫc(k), ǫχ(k) and ǫΦ(k) are the quadratically
dispersed kinetic energies of the itinerant electrons
ck, local singlet
ˆ˜Φk and the Kondo hybridization ˆ˜χk,
respectively. The quadratic forms of ǫχ(k) and ǫΦ(k) are
derived via integrating out c-electrons away from Fermi
surface [33, 34]. We find ˆ˜χ-field is not Landau damped
since the imaginary part of its self-energy vanishes:
ImΣχ(ω) ∝
∫
dǫδ(ω + ǫ − λ¯) = 0 as λ¯ ≫ ǫ + ω [33],
leading to a jump in the Fermi volume at the critical
point, consistent with experiments [9, 10].
RG Analysis: Within our RG scheme k, kF and ω
are rescaled as: k′ = elk; k′F = e
lkF ; ω
′ = ezlω
where the dynamical exponent z is set to 2. This
scheme, distinct from the conventional one [35, 36],
allows the Fermi momentum kF to flow the same way
as the momentum variable k: [k] = [kF ] = 1, effectively
capturing the mixture of electron population in small
and large Fermi surface (or the continuous evolution of
the Hall coefficient) at finite temperatures [36–38]. At
tree-level, Jχ, JΦ, uχ and uΦ are irrelevant couplings
for d > z = 2, while Jχ, uχ and uΦ become marginal
for d = z = 2 ([Jχ] = (z − d)/2, [uχ] = [uΦ] = z − d),
which allows a controlled perturbative RG analysis on
the effective action on a quasi-2d lattice: d = 2 + η with
η = 0+ [39].
The RG β-functions in the weak-coupling limit, Jχ =
JΦ → 0, are readily obtained via diagrammatic per-
turbative approaches, which include coupling constants
renormalization and the field (or the Green’s functions)-
renormalization [11, 12] (see Ref. 33) :
djχ
dl
= −
(
d− z
2
)
jχ +
1
2
j3χ + 2j
2
Φjχ
djΦ
dl
= −
d
2
jΦ + 4j
3
Φ ;
duΦ
dl
= −(d− z)uΦ − 3u
2
Φ
duχ
dl
= −(d− z)uχ − 4j
2
χuχ − 3u
2
χ
d
dl
(
1
Γ
)
= −z
(
1
Γ
)
+ 4j2Φ ;
dmχ
dl
= zmχ + j
2
χ
dmΦ
dl
= zmΦ, (2)
where dl = −d lnΛ with Λ being the running energy cut-
off within momentum-shell RG is used while the constant
λ¯ is the effective chemical potential of the local f -electron
[33]. Here, jχ,Φ (Jχ,Φ) refers to the renormalized (bare)
coupling [33]. At two stable phases, the mass term mχ,Φ
flows to a massive fixed point, m∗χ,Φ → ∞. Near the
QCP, their bare values vanish linearly with distance to
criticality: mχ,Φ ∝ |g − gc|. Since the effective dimen-
sion d + z > 4, greater than the upper critical dimen-
sion, the Gaussian fixed point u∗ = v∗ = 0 is stable
[41], and violation of hyperscaling is expected [40]. Two
non-trivial intermediate critical fixed points are found at
(j2
∗
χ , j
2∗
Φ ) = (η, 0) (P ) and (0, d/8) (Q) (see Fig. 2). The
fixed point at Q controls the transition between the two
FL∗ fixed points, while P separates FL∗ phase at jχ = 0
from the Kondo co-existing with spin-liquid (LFL) phase
at jχ →∞.
To more precisely locate the QCP at finite values of
jΦ, jχ, the RG equations for jχ, jφ are obtained near the
fixed points P (with Jχ being fixed at J
∗
χ) andQ (with JΦ
being fixed at j∗Φ) (see Ref. 33):
dj˜Φ
dl =
(
− d2 +
η
2
)
j˜Φ +
4 j˜3Φ,
dj˜χ
dl = −(
η
2 + d/4 − 2(j
∗
Φ)
2) j˜χ +
1
2 j˜
3
χ. The critical
point Cr in Fig. 2, which controls the FL
∗-LFL QPT,
is located at the intersect of the above two RG flows:
((j∗χ)
2, (j∗Φ)
2) = (η, d/8). Note that Cr is an interacting
QCP due to the presence of Kondo interaction. As a
4result, the ω/T scaling in dynamical observables is found
there via the Kondo breakdown scenario [10, 33].
Critical Properties and Crossovers. The correlation
length ξ diverges near Cr: ξ ∼ |g − gc|
−ν with an expo-
nent ν. We find that ν is solely determined by the RG
flow of jΦ − j
∗
Φ via β(j˜Φ) [33]. This yields ν = 1/z, lead-
ing to the linear SM-LFL (SM-FL∗) crossover scale TLFL
(TFL∗) below which jΦ < j
∗
χ (jΦ > j
∗
χ): TLFL, TFL∗ ∝
|g − gc|, in perfect agreement with the experiment on
Ge-substituted YRS [3, 5]. This suggests that the main
effect of magnetic field B in experiment (represented by
the coupling g = g0 − JΦ/Jχ) near the QCP is to sup-
press JΦ while Jχ is near its critical value Jχ ∼ J
∗
χ (see
Fig. 2 and Fig. 1(a)). Careful analysis on the pre-factors
gives [33] TFL∗TLFL ∼ (
Jχ
|χ| )
4 ∼ L−2η ≪ 1 with L being sys-
tem size, giving rise to the difficulty to observe TFL∗ in
experiments (see Fig. 1(a)) [45]. We further identify T ∗
as the crossover scale for the onset of the condensate χ
field below which jΦ < χ. A sub-linear dependence in
g − gc in found: T
∗ ∝ (g − gc)
z/d with z/d ∼ 1 − η/z,
and T
∗
TLFL
∼ |χ|Jχ > 1, consistent with the experiments
[3, 5]. The experimentally observed inverse-in-field diver-
gence in the A-coefficient of the T 2 term to the resistivity
ρ ∼ AT 2 close to the FL∗-LFL QPT is also reproduced:
A ∝ ξ2 ∼ |g − gc|
−2ν ∼ |g − gc|
−1. The SM region in
Ref. 5 on Ge-substituted YRS can be interpreted here as
the extended quantum critical regime down to TFL∗ → 0.
(a) (b)
FIG. 3: The log-log (a) and log-linear (b) plots for the ratio
γ = CV / (TA(l0)) (normalized to 1 at T/D0 = 0 with D0
being the bandwidth cut-off) at different |JΦ − J
∗
Φ| for η =
0.18 with the critical RKKY coupling J∗Φ = 0.5 and J
∗
χ =
0.2. The inset in (a) shows the experimental data Φ(B, T ) ∝
γ(T/TLFL) taken from Ref. 3 for Ge-substituted YRS, inset
in (b) shows TLFL v.s. |JΦ − J
∗
Φ|. Here, we fix the critical
Kondo coupling Jχ and evaluate the specific heat with various
|JΦ − J
∗
Φ| = 0.2, 0.25, 0.3, 0.35, 0.4, 0.45.
NFL: Electrical Resistivity. The finite tempera-
ture electrical resistivity ρ(T ) near the QCP is ob-
tained via the conductivity [46] σ(T ) = ρ−1(T ) =
− 2e
2
3
∫
dk
(2π)3 v
2
k τ(k)
∂f
∂ǫk
with vk being the electron group
velocity, and τ−1(ω) the scattering rate of the electron,
given by the imaginary part of the conduction electron
T−matrix ImT (ω) : τ−1(ω) = −
cimp
2
∑
k
ImTkk(ω
+).
Remarkably, we find that the T−matrix contributed from
the quasi-2d bosonic fluctuations in the Kondo hybridiza-
tion ˆ˜χ−field leads to the observed T -linear resistivity at
low temperatures: ρ(T ) = a−1 (1+ c T/a), where a and c
are constant pre-factors [33]. We find the ratio in resistiv-
ity at low temperatures: ∆ρ/ρ(T = 0) ≡ (ρ(T )− ρ(T =
0))/ρ(T = 0), in reasonable agreement with that mea-
sured in experiment [5].
NFL: Specific Heat Coefficient. We further compute
the (normalized) scaling function of electronic specific
heat coefficient in the SM region:
γ
(
T¯
)
≡
e−ηl
T (l)A(l)
∂E¯G(l)
∂T (l)
∣∣∣
l=l0
=
T¯
η
2
4
∫ Λ
T¯
1
T¯
dx
x2+η/2
sinh2(x/2)
(3)
(where T¯ ≡ TTLFL , A(l0) ∝ |g − gc|
−ζ with ζ ∼ 3η/2+ η2
near the QCP, and W (JΦ) is a non-universal constant),
contributed dominantly from the kinetic energy E¯G =∑
k
ǫΦ(k)
eβǫΦ(k)−1
of ˆ˜Φ fields [33]. Here, l0 is a scale at which
mΦ(l0) ∼ 1, and x = ǫΦ(l)/T (l) while T (l) = Te
zl is the
scale-dependent dimensionless temperature via the finite-
temperature RG scheme [47]. As shown in Fig. 3, γ(T¯ )
bears a striking similarity to that observed in Ref. 3: it
exhibits a power-law scaling behaviour at low tempera-
tures before it saturates at T = 0, i.e. γ(T¯ ) ∝ T¯−α,
followed by a logarithmic tail at higher temperatures
γ(T¯ ) ∝ − ln T¯ with exponents α ∼ ζ ∼ 0.3(1) for an
estimated η ∼ 0.18, in excellent agreement with the ex-
perimental values α ∼ γ ∼ 1/3 [33]. The T -logarithmic
behaviour in γ(T¯ ) comes as a result of the Gaussian fixed
point for d = 2+ η [48].
NFL: Local Spin Susceptibility. Finally, the observed
anomalous exponent in the divergent temperature depen-
dence of the zero-field local spin susceptibility χloc ∼
T−0.75 ∼ 1
T 1−ηχ
for Ge-substituted YRS [49–51] with
ηχ ∼ 0.25 is reasonably accounted for within our ap-
proach [33]: χloc(T ) ∝
J4χ(T )
T ∝ T
2η−1, giving an esti-
mated ηχ ∼ 0.36.
Conclusions. We have theoretically addressed the
non-Fermi liquid and quantum critical properties of Ge-
substituted YbRh2Si2 by a field-theoretical renormaliza-
tion group analysis on an effective field theory based
on the Sp(N) approach to the Kondo-Heisenberg lat-
tice model. The quantum phase transition and crossover
scales are well captured in terms of a competition be-
tween a short-ranged fermionic resonant-valence-bond
spin liquid and the Kondo effect near a quantum critical
point. The agreement of our predicted critical proper-
ties with experiments is remarkable. The strange metal
5state can be interpreted as the extended quantum critical
region to T → 0 due to its proximity to critical Kondo
breakdown. Our theory shed light on the open issues
of the non-Fermi liquid behavior in field-tuned quantum
critical heavy fermion.
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